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Synopsis 

A theoretical investigation of the nonisothermal bulk copolymerization of styrene and meth- 
yl methacrylate in a CSTR is reported. A modified framework of free volume theory is de- 
veloped for a copolymerization system to account for the effect of concentration and 
temperature on the propagation and termination processes. The evolution of multiple steady 
states for a set of system parameters has been demonstrated. The stability of these steady 
states has also been examined. 

INTRODUCTION 

Polymerization reactions release large amounts of heat as the monomer 
is converted to polymer. In addition, the mechanical energy required for 
mixing may be converted to heat under highly viscous conditions. Removal 
of this heat is often difficult for high conversion polymerization because of 
high viscosity, heat transfer surface fouling, and change of phase during 
reaction. In many industrial situations, disastrous reactor run away is an  
ever present potential hazard because of these heat removal difficulties. 
This presents a great challenge to the process control engineer as well as 
to the reactor designer. 

Recent studies of CSTRs for bulk or solution polymerization indicate the 
possibility of multiple steady states even under isothermal reactor condi- 
tions.1-2 Due to limited heat removal capacity of industrial reactors, heat 
evolution due to reaction is an  additional source of autocatalytic behavior. 
These temperature effects produce even more interesting types of multple 
steady state behavior. Almost all the previous analyses in the literature on 
nonisothermal multiplicity and stability of reactors have been restricted to 
homopolymerization systems. The dependence of the propagation and ter- 
mination parameters on the nature and composition of monomer feed can 
lead to multiplicity of states under certain sets of operating conditions. 
There is a need to examine the stability of these states and product dis- 
tribution corresponding to each of the steady states. 

In this work, a comprehensive analysis is presented which reflects the 
effect of composition and temperature on the propagation and termination 
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processes during copolymerization. The free volume framework3 as em- 
ployed for the homopolymerization of Balke and Hamielec4 and Ross and 
Laurence5 has been extended to copolymerization. Using this model, the 
steady states behavior of the nonisothermal bulk copolymerization of sty- 
rene and methyl methacrylate (S- MMA) is investigated. 

THEORETICAL DEVELOPMENT 

Physical Phenomena of High Conversion Copolymerization 

In the bulk free radical polymerization, the polymerization begins with 
pure monomers and the initiator. As the concentration of polymer chains 
increases, there is a relatively little increase in the termination processes. 
This is related to the effect of polymer concentration on the coil size. At 
conversions in the range of 15-20 mol %, polymer chains begin to entangle, 
causing a dramatic reduction in radical chain translational mobility, giving 
a rapid drop in the termination processes. In copolymerization, there are 
also changes in the propagation processes (as reflected in the reactivity 
ratios), and these changes are such as to enhance the overall rate of poly- 
merization. An a priori knowledge of these effective groups is essential for 
any rational design of a copolymerization reactor. Additionally, at high 
levels of conversion, the heat effects of the exothermic reaction will become 
substantial, necessitating an  exact accounting of the variation of the rate 
of polymerization and the effective rate groups. Virtually no published data 
are available on the influence of temperature on copolymerization rate 
parameters at high conversions. The overall activation energy for most free 
radical polymerizations is about 80-90 kg/mol. This corresponds to a two- 
or threefold rate increase for a 10°C rise in temperature, resulting in in- 
crease of the viscosity of the reaction medium. The rise in temperature has 
an  inverse effect on the viscosity of the medium. Hence in the absence of 
a feasible process to estimate the overall influence of temperature on the 
copolymerization rate parameters at higher conversions, the free volume 
theory of B ~ e c h e , ~  which takes into account the effect of concentration and 
temperature on the propagation and termination processes, has been used. 
The success of the modeling of homopolymerization reactors shows that the 
free volume m0dels~9~ do an  adequate job of describing a rather broad range 
of phenomena that occur during polymerization processes. While developing 
the model based on free volume, it is assumed that the gel effect occurs at 
the point where the segmental motion of the polymer chains become equal 
to the translational diffusion of the chains, and it has a critical free volume 
given by Vfc.8 

Kinetic Model for Copolymerization 

Employing the classical model, the rate of copolymerization is expressed 
as 
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Here R p  is the rate of copolymerization, CA and C, are the concentrations 
of monomers A and B, R K  is the rate of initiation (2fiKK), f is the initiator 
efficiency, k d  is the rate constant for initiator decomposition, and C,  is the 
concentration of initiator K. The various rate groups appearing in eq. ( 1 )  
are defined as 

The relative rate groups represented by rA ,  rB, tiA, aB, and 8 in eq. ( 1 )  
take into account the rate constants for the basic steps of initiation, prop- 
agation, and termination rate processes. Equation (1 )  is expressed in terms 
of the individual rates of reacting monomers as 

R -dCA 
- aACACI," for monomer A 

d t  A -  

R -dCB 
- a&&d2 for monomer B d t  B -  

Here aA and a g  are the apparent rate functions and are given as 

a A  = [ ( r A  - 1 ) X  + i ] / ( T p 5  

and 

here 

The parameter Ti in eqs. (4) and (5)  involves the constants corresponding 
to the termination rate processes. 
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Kinetic Data for the Copolymerization of Styrene Methyl 
Methacrylate and Estimation of the Rate Parameters 

Although the set of equations (1)-(8) could be explored in their full gen- 
erality, it was thought desirable that a specific system of pragmatic interest 
on which there exists a sound data base should be explored. Styrene-methyl 
methacrylate system was chosen for this purpose. Pertinent experimental 
data to enable model calculations were obtained by analyzing the data for 
this system studied by two different groups under identical reaction con- 
ditions. It is the only copolymerization system in which published reports 
on systematic studies have been reported till the limiting conversion (90 
mol %) backed up by good kinetic data. In our earlier workI2 we had ana- 
lyzed the data on this system to obtain generalized correlations for the 
variation of 8 with the feed composition. In addition, the reactivity ratios 
for the individual monomers and the termination processes represented by 
Ti have been correlated with the extent of conversion. These correlations 
are now expressed in terms of the cumulative fractional free volume. 

Estimation of Cumulative Fractional Free Volume 

Free volume represents the space not occupied by the molecules them- 
selves. As the polymerization mixture approaches the glass transition point, 
the free volume decreases, until there is a minimal free volume when mac- 
romolecular motion ceases. The minimal fractional free volume at the glass 
transition temperature was found to be close to 0.025.13 The cumulative 
fractional free volume may be defined3 from the various contributions of 
monomers and polymers as 

where O P , B A ,  and 8, are the volume fractions of polymer, monomer A, and 
monomer B in the mixture, respectively. The specific free volume contri- 
butions of the individual species are related to the glass transition tem- 
perature as 

with 

a p  = 4.8 x 10p4/K 

 MA - - 1 x 1 0 - 3 / ~  

~ M B  = 1 x 1 0 - 3 / ~  

where a p ,  aMA, and aMB are the coefficients of volumetric expansion. Equa- 
tions (10)-(12) have been tested for several polymer diluent systems and 
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have been found to be fairly accurate. d,, is the glass transition temperature 
of the copolymer and its variation with copolymer composition for styrene 
methylmethacrylate (S-MMA) is shown in Figure 1. l4 The variation of Tgp 
with copolymer composition were correlated by us using linear regression 
and the coefficients deduced are given in Table 11. 

TgA and T ,  are the glass transition temperatures of the monomers and 
are not reported in the literature. These were estimated by using the uni- 
versal correlation developed by Fedors l5 : 

Here T m  is the melting point and Tb is the boiling point of the monomers, 
both being measured at atmospheric pressure. y T  is a universal constant 
independent of the molecular structure of liquid and its value was found 
to be 1.15. Using eq. (14), T ,  of styrene was estimated to be 156.2 K. T,,, 
the glass transition temperature of monomer B (MMA) is reported in the 
literatureI6 to be 167 K. 

Variation of the Propagation Processes with Free Volume 

Propagation processes to which rA and r, refer do not proceed readily 
on encounter, since they are usually associated with energy of activation 
of 20 kJ mol or more. They are not expected to become diffusioncontrolled 
until the mutual diffusivities of the reactants have fallen to very low values. 
But in the copolymerization of monomers with largely different chemical 
polarities, the probability of a change in the propagation processes will be 

'051-----1 
lo' t 1 

I I 1 I 

0 20 40 60 80 100 

M O L E  Y. S T Y R E N E  IN C O P O L Y M E R  

Fig. 1. Experimental T, of S-MMA copolymer vs. mol % styrene in the copolymer 
(Johnston14). 
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S T Y R E N E  IN C O P O L Y M E R  

Fig. 2. Heat of S-MMA copolymerization as a function of styrene monomer concentration 
(Suzuki et al.3). 

considerable. This arises mainly because the change in the rate constants 
of the chain propagation vary considerably between the monomers which 
become significant at higher conversions, leading to a decrease in rA and 
an increase in rB. This has been confirmed recently by Zilberman et a1.I7 
in the solution copolymerization of methacrylamide with methacrylic acid 
or sodium methacrylate. The variation was quite considerable when acry- 
lamide was copolymerized with acrylonitrile.18 The variation of rA and rB 
with free volume for S-MMA copolymerization is shown in Figures 3 and 
4, and the correlations developed are given in Table 11. It should be noted 

TABLE I 
Pertinent Physicochemical Data Used in the Study" 

Specific heat, cp 
(cal/mol K) 

Density (g/cc) 
Mol w t  (M) 
Boiling point (K) 
Melting point (K) 
Initiator 
(Benzoyl peroxide) 

Styrene 

k, 1.057 x lo7 exp(-3557/T) 
k, 1.255 x 109exp(-843/T) 

0.4186 

0.9010 
104.14 
418.2 
242.4 

2 x 1oL exp(-15235/T) 
k d  s-' 

Methyl methacrylate 

9 x 106 exp(-2365/T) 
1.1 x 108 exp(-604/T) 

0.49 

0.940 
100 
373 
225 

f 
0.75 
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TABLE I1 
Copolymerization of Styrene-Methyl Methacrylate Data Used for Simulation 

Feed to the reactor 
Styrene (CAf) = 5.35442 mol/L 

Methyl methacrylate (CBf) = 3.57464 mol/L 
Initiator (&,I = 0.00826 mol/L 

Cumulative fractional free volume corresponding to the gel point 
( V f C )  = 0.1596 

Glass transition temperature of monornem 

Methylmethacrylate (TgJ = 167 K 
Styrene (T,) = 156.208 K 

Variation of the glass tmnsition temperature of the polymer ( Tgp) with the composition of 
styrene in the copolymer (FA) 

Tgp (K) = 132.8 - 1.732 X 10' ( F A )  + 2.144 X 10' ( F A )  - 79.O6(FAl3 + 273 
for F A  > 0.675 

for FA 5 0.675 
TBp (K) = 98.8 - 8.934(FA) - 3.436(FA) - 6.821(F~)~ + 273 

Variation of the heat of copolymerization ( -AH, )  with the composition of styrene in the 
feed (x ) 

(- AHc) = 13.14 + 13.18(~) - 29.13(~)' + 35.82(~)~  - 16 .42(~)~  
(Ref. 21) 

1 '  
r A  = rAo + i ac($ - -) , al = -3.220 X a2 = 4.862 X 

, = I  V f c  

a3 = -4.672 X a, = 1.8;6 X 

rB = r & +  b i - - -  (if v:] , bl = 1.604 X b2 = -4.455 X lo-' 
, = I  

b3 = 5.405 x b,  = -2.331 X 

( T ' ) ' / 2  = (%I"' Vf= Vf. 

where v is the gel effect parameter 

a n d u =  1 +  Z ci--- [ i I 1  (if i]] 
~1 = -0.482, c Z =  0.1098, 
~3 = -1.203 X lo-', 
c4 = 4.913 X lo-* 
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I I I 1 

7 9 11 13 15 

RECIPROCAL f RACTIONAL FREE VOLUME ( 1 I V f )  

Variation of r A  with free volume. Fig. 3. 

R E C I P R O C A L  FRACTIONAL FREE VOLUME ( 1 I V f )  

Variation of rB with free volume. Fig. 4. 
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here that the free volume variation with composition of monomers is neg- 
ligible (about 2% and well within the error for the determination of reac- 
tivity ratios). This implies that r A  and rB though shown to be functions of 
the cumulative fractional free volume are approximately invariant with 
composition within the normal limits (between 30 and 70 mol % of monomer 
A) of the operation of the reactor. 

Variation of the Termination Processes with Free Volume 

During the bulk copolymerization of two monomers, if it is assumed that 
chain entanglement occurs soon after termination becomes diffusion con- 
trolled,19 then 

T,  = KID, (15) 

where T,  is the effective variation of the termination rate processes alone, 
k is the temperature-dependant proportionality constant, and D, is the 
diffusion coefficient of the polymer molecule. According to B ~ e c h e , ~  the 
diffusion coefficient of the polymer molecule is given as 

Combinations of eqs. (15) and (16) leads to 

T,  = k , k  exp(-A/Vf) (17) 

In eq. (171, 4 and A are constants and V, is the cumulative fractional 
free volume given by eq. (9). 

A close examination of eg. (8) reveals that it contains the propagation 
parameters rA ,  rB ,  and x besides the termination rate parameters 8; = 

[8A/(2fkd)"2] , 8; = [6,/(2fkd)],  and 6,  all of which vary with the extent of 
free volume or conversion. We can equivalently say that 

where Ti and T denotes the value of To before and after the onset of gel 
effect respectively. As seen from eq. (181, it is apparent that it is not possible 
to evaluate the variation of AS;, AS;, and A6 alone with the extent of free 
volume. The data given by Dionisio and O'Driscoll" for the S-MMA co- 
polymerization system shows that up to about 50% conversion, the change 
in the concentration of styrene in the reactor ( x )  is only about 10% and in 
this range, the net effect of change of ATA, hrB, and x on A T  is negligible. 
and T," /Ti N T/T; as seen from the semilog plot shown in Figure 5. It is 
interesting to note from Figure 5 that it consists of three distinct phases 
of polymerization behavior. At low conversions, the course of polymerization 
is described by the conventional kinetics (phase I). After a certain conversion 
or free volume (V, < V,J, the well-known gel effect is observed and the 
termination processes obey eq. (17) and change exponentially with free 
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Fig. 5. Variation of the termination processes with free volume. 

volume (phase 11). At conversions higher than 60 mol % (phase 111) a de- 
celeration in the value of T'/Ti is observed as shown in Figure 5. A similar 
observation in the high conversion region (60-65 mol%) was made recently 
by Soh and Sunderberg2OS2l in their studies on diffusion-controlled vinyl 
polymerization. They attributed the deceleration to the cumulative molec- 
ular weight averages (except the number average molecular weight) begin- 
ning to decrease slightly. The variation of TIT; with free volume till 
limiting conversion is correlated by a polynomial and the individual coef- 
ficients deduced by linear regression are given in Table 11. 

In summary, we have analyzed the data on the high conversion copoly- 
merization of styrene and methyl methacrylate available in the literature 
and developed a model based on the free volume framework. The model 
takes into account the effect of concentration and temperature on the ter- 
mination and propagation processes. This model forms the basis for our 
subsequent analysis of the steady state behavior of the nonisothermal bulk 
copolymerization of S-MMA in a CSTR to be discussed in detail. 

STEADY STATE MULTIPLICITY AND STABILITY ANALYSIS 

Multiplicity Analysis 

The system under consideration is a CSTR in which the copolymerization 
of the monomers takes place. If we allow a fresh feed of monomer A to be 
mixed with monomer B containing the initiator K, then the system can be 
described by the following material and energy balance equations: 
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(20) 
dC 
dt 

V B  = F(CBf - CB) - VaBCBpL2 

and 

dT 
dt 

V,C ,  - = FpC,(Tf-T) + V ( -  AHH,) 

In eqs. (19)-(21), the initiator concentration CK is given by 

(22) 

where 8 = V/I? 
At a given temperature T and residence time 8, eqs. (19) and (20) are 

solved numerically with the initial conditions, t = 0 CA = CAP CB = C,, 
and CK = CKo by the fourth-order RKG integration method. For every new 
value of x and FA,  the corresponding C,, p, $(-AHc), and Tg are evaluated 
by the correlations given in Table 11. The variation of ( -AHc)  with the 
composition of styrene in the monomer mixture for the system S-MMA is 
shown in Figure 2.23 The cumulative free volume fraction was then cal- 
culated using eq. (9). The reactivity ratios r A ,  T B ,  and the termination pa- 
rameters T were then determined. The variations of r A ,  rB ,  and T depend 
on the critical free volume Vfc.  The computations were continued till the 
concentrations of the monomers in the reactor reached a steady state value. 
At steady state, the combination of eqs. (19) and (20) gives 

In eq. (231, R, = [ aACA + aBCB]Cr and 

(:: 1 ::) m is the total conversion = 1 - 

Substituting eq. (23) in eq. (22) gives at steady state, 

The lhs of eq. (24) represents the rate of heat generation. eg which is 
proportional to be heat of copolymerization and the degree of conversion 
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- 
A = 

m which in turn is determined by the residence time 0. The two rhs terms 
in eq. (24) represent the rate of heat removal, QR as a result of the heat 
absorbed by the cold feed and the heat transformed to the cooling medium, 
respectively. Using the numerical values of the system parameters given 
in Tables I and 11 in the steady state, expression (24) shows the possibility 
of the existence of multiple steady states, when the slope of the heat gen- 
erating line (Qgvs. 2') is greater than the slope of the heat removal line 
(FpC, + UA), as shown in Figure 6. Figures 7-9 show schematically the 
effect of the operating variables on the heat generation rate and the heat 
removal rate. 

aCA aCB aT 
a f 2  a f z  a f 2  

aCA aC, aT 
af3 af3 a f 3  

__-- 

--- 

Stability Analysis 

The local stability character of the steady states of the reactor has been 
determined by examining the transient eqs. (19)-(21) linearized around the 
steady state. For this purpose, the Jacobian matrix is formulated as 

(25) 

I 0  

TEMP . , O K  

Fig. 6. Predicted multiplicity of states in exothermic copolymerization of S-MMA. 
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c 

TEMP.  .T *K 
Fig. 7. Effect of feed temperature on heat removal. T, (K): (1) 320; (2) 310; (3) 300; (4) 305; 

(5) 295. 
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Fig. 8. Effect of coolant temperature on heat removal. T, (K): (1) 290; (2) 273. 
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400 

T E M P .  .OK 

Fig. 9. Effect of reactor cooling capacity on heat removal. 

The conditions for the steady state to be a symptotically stable are well 

(- trZ) > O 
known 24 

1 minors of diag elements) (-tr A) + (det A) 
Z minors of diag elements 

> e  (26) 

- (det A)  > 0 
The analysis indicates the existence of only two stable states, the lower 

and the upper one, the middle one being unstable. 
The present study thus provides the influence of concentration, temper- 

ature, heat of reaction, and residence time on the region of multiplicity of 
the nonisothermal bulk copolymerization of S-MMA in a CSTR. For a set 
of fixed parameter values, the region of multiplicity has been identified by 
numerically solving eqs. (19)-(21). In the region of multiplicity, the stability 
of each solution is ascertained by performing linear stability analysis. 

CONCLUSIONS 

In this work we have used the framework of free volume theory and 
presented a comprehensive approach to determine the influence of reactor 
operating conditions on the type of steady state behavior and also the overall 
performance expected for the nonisothermal bulk copolymerization of sty- 
rene and methyl methacrylate in a CSTR. The results suggest that the 
control of a copolymerization reactor at high conversions in a CSTR may 
offer some unique problems. Better understanding of the dynamics of com- 
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plex copolymerization processes such as the one considered in this paper 
can enable to define the directions for developments in reactor control 
theory and improve dramatically our ability to design and control copoly- 
merization reactors with a variety of in built feedback loops. 

APPENDIX: NOMENCLATURE 

reactor jacket area for heat transfer 
Jacobian matrix defined by eq. (25) 
concentration of monomer A 
concentration of monomer B 
concentration of initiator K 
specific heat of the reactants 
diffusion coefficient of the polymer molecule 
initiator efficiency 
functions of jacobian matrix defined by eqs. (19)-(21) 
flow rate of reactants 
composition of monomer A in the copolymer 
temperature dependent proportionality constant 
rate constant for initiator decomposition 
rate constants for propagation 
rate constants for termination 
conversion of monomers 
reactivity ratios 
rate of polymerization of monomer A 
rate of polymerization of monomer B 
rate of initiation 
total rate of copolymerization 
reaction time 
temperature 
termination rate parameter defined by eq. (8) 
termination rate parameter defined by eq. (7) 
boiling point of the monomer 
coolant temperature 
effective termination rate processes defined by eq. (17) 
feed temperature 
glass transition temperature 
melting point of the monomer 
overall heat transfer coefficient 
effective reactor volume 
cumulative fractional free volume 
mole fraction of monomer A defined by eq. (6) 

Greek Symbols 

apparent rate functions 
coefficients of volumetric expansion 
universal constant defined by eq. (14) 
heat of copolymerization 
defined by eq. (1) 
residence time 
defined by eq. (1) 
volume fraction 
density 
constant defined by eq. (17) 
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A 
B 
K 

P 
f 
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Subscripts 
monomer A 
monomer B 
initiator K 
feed 
polymer 

References 
1. H. T. Chen, C. N. Kuan, and S. Seth Chayanon, Polym. Eng. Sci., 20, 1197 (1980). 
2. H. T. Chen, C. N. Kuan, and S. Seth Chayanon, AIChE J., 28,214 (1982). 
3. F. Bueche, Physical Properties of Polymers, Wiley-Interscience, New York, 1962. 
4. S. T. Balke and A. E. Hamielec, J. Appl. Polym. Sci., 17, 905 (1973). 
5. R. T. Ross and R. L. Laurence, AIChZSymp. Ser., No. 160, 72, 74 (1976). 
6. F. L. Marten and A. E. Hamielec, Am. Chem. Soc., Symp. Ser., No. 104, 43 (1979). 
7. S. K. Soh and D. C. Sunderberg, J. Polym. Sci., Polym. Chem. Ed., 20, 1331 (1982). 
8. A. E. Hamielec, 55th Chemical Conference and Exhibition of the Chemical Institute of 

9. G. Odian, Principles of Polymerization, Wiley-Interscience, New York, 1981. 
Canada, Quebec City, Quebec, 1972. 

10. M. Johnson, T. S. Karmo, and R. R. Smith, Eur. Polym. J, 14, 409 (1978). 
11. J. M. Dioisio and K. F. O'Driscoll, J.  Polym. Sci., Polym. Lett. Ed., 17, 701 (1979). 
12. K. S. Balaraman, B. D. Kulkarni, and R. A. Mashelkar, Polym. Eng. Sci., 23, 719 (1983). 
13. M. L. Williams, R. F. Landel, and J. D. Ferry, J. Am. Chem. Soc., 77, 3701 (1955). 
14. N. W. Johnston, J.  Macmmol., Sci. Reu. Macmmol. Chem. C14(2), 215 (1976). 
15. R. F. Fedors, J Polym. Sci., Polym. Lett. Ed., 17, 719 (1979). 
16. K. Horie, J. Mita, and H. Kambe, J.  Polym. Sci., A1(6), 2663 (1966). 
17. E. N. Zilberman, R. A. Novolokina, and 0. P. Kuvarzina, Polym. Sci. ( U.S.S.R. ), 22,2198 

(1980). 
18. L. I. Abramova, E. N. Zilberman, and L. S. Chugunova, Vysokomol. Soyed, B21, 813 

(1979). 
19. M. Smoluchowski, Z. Phys. Chem., 92, 129 (1918). 
20. S. K. Soh and D. C. Sunderberg, J. Polym. Sci., Polym. Chem. Ed., 20, 1299 (1982). 
21. S. K. Soh and D. C.  Sunderberg, J.  Polym. Sci., Polym. Chem. Ed., 20, 1331 (1982). 
22. J. Brandup and E. H. Immergut, PolymerHandbook, Wiley-Interscience, New York, 1978. 
23. M. Suzuki, H. Miyama, and S. Fujimoto, J. Polym. Sci., 31, 212 (1958). 
24. K. F. Jensen and W. H. Ray, Chem. Eng. Sci., 35,2439 (1980). 

Received August 10, 1984 
Accepted October 10, 1984 




